Introduction {#Sec1}
============

A very useful tool in the study of stochastic Markov processes is duality, where information about a specific process can be obtained from another, dual, process. The concept of duality was introduced in the context of interacting particle systems in \[[@CR17]\], and was later on developed in \[[@CR15]\]. For more applications of duality see e.g. \[[@CR4], [@CR6], [@CR13], [@CR18]\].

Two processes are in duality if there exists a duality function, i.e. a function of both processes such that the expectations with respect to the original process is related to the expectations with respect to the dual process (see Sect. [2](#Sec3){ref-type="sec"} for a precise statement). Recently in \[[@CR5], [@CR16]\] orthogonal polynomials of hypergeometric type were obtained as duality functions for several families of stochastic processes, where the orthogonality is with respect to the corresponding stationary measures. These orthogonal polynomials contain the well-known simpler duality functions (in the terminology of \[[@CR16]\], the classical and cheap duality functions) as limit cases. In \[[@CR5]\], Franceschini and Giardinà use explicit relations between orthogonal polynomials of different degrees, such as raising and lowering formulas, to prove the stochastic duality. In \[[@CR16]\], Redig and Sau find the orthogonal polynomials using generating functions. With a similar method they also obtain Bessel functions, which are not polynomials, as self-duality function for a continuous process.

The goal of this paper is to demonstrate an alternative method to obtain the orthogonal polynomials (and other 'orthogonal' functions) from \[[@CR5], [@CR16]\] as duality functions. The method we use is based on representation theory of Lie algebras. This is inspired by \[[@CR3], [@CR7]\], where representation theory of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {sl}(2,{\mathbb {C}})$$\end{document}$ and the Heisenberg algebra is used to find (non-orthogonal) duality functions, see also Sturm et al. \[[@CR19]\] for a Lie algebraic approach to duality. Roughly speaking, the main idea is to consider a specific element *Y* in the Lie algebra (or better, enveloping algebra). Realized in two different, but equivalent, representations $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma (Y)$$\end{document}$ are the generators of two stochastic processes. In case of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {sl}(2,{\mathbb {C}})$$\end{document}$, *Y* is closely related to the Casimir operator. The duality functions come from an intertwiner between the two representations. In this paper we consider a similar construction with unitary intertwiners between $\documentclass[12pt]{minimal}
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                \begin{document}$$*$$\end{document}$-representations, so that the duality functions will satisfy (generalized) orthogonality relations.

In Sect. [2](#Sec3){ref-type="sec"} the general method to find duality functions from unitary intertwiners is described. In Sect. [3](#Sec7){ref-type="sec"} the Heisenberg algebra is used to show duality and self-duality for the independent random walker process and a Markovian diffusion process. The self-duality of the diffusion process seems to be new. The (self-)duality functions are Charlier polynomials, Hermite polynomials and exponential functions. In Sect. [4](#Sec11){ref-type="sec"} we consider discrete series representation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {su}(1,1)$$\end{document}$, and obtain Meixner polynomials, Laguerre polynomials and Bessel functions as (self)-duality functions for the symmetric inclusion process and the Brownian energy process. We would like to point out that the self-duality functions are essentially the (generalized) matrix elements for a change of base between bases on which elliptic or parabolic Lie group / algebra elements act diagonally, see e.g. \[[@CR2], [@CR14]\], so in these cases stochastic self-duality is a consequence of a change of bases in the representation space.

Notations and Conventions {#Sec2}
-------------------------
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                \begin{document}$${\mathbb {N}}$$\end{document}$ we denote the set of nonnegative integers. We often write *f*(*x*) for a function $\documentclass[12pt]{minimal}
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                \begin{document}$$x\mapsto f(x)$$\end{document}$; the distinction between the function and its values should be clear from the context. For functions $\documentclass[12pt]{minimal}
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                \begin{document}$$x\mapsto f(x;p)$$\end{document}$ depending on one or more parameters *p*, we often omit the parameters in the notation. For a set *E*, we denote by *F*(*E*) the vector space of complex-valued functions on *E*. $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {P}}$$\end{document}$ is the vector space consisting of polynomials in one variable.

We use standard notations for shifted factorials and hypergeometric functions as in e.g. \[[@CR1]\]: for $\documentclass[12pt]{minimal}
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                \begin{document}$$n \in {\mathbb {N}}$$\end{document}$ the shifted factorial $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (a)_0=1,\qquad (a)_n= a (a+1) \cdots (a+n-1), \end{aligned}$$\end{document}$$and the hypergeometric series $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \,_{r}F_{s}\!\left( \genfrac{}{}{0.0pt}{}{a_1,a_2,\ldots ,a_r}{b_1,b_2\ldots ,b_s} \,;x \right) = \sum _{n=0}^\infty \frac{ (a_1)_n (a_2)_n \cdots (a_r)_n }{(b_1)_n (b_2)_n \cdots (b_s)_n } \frac{ x^n }{n!}. \end{aligned}$$\end{document}$$See e.g. \[[@CR1], Section 2.1\] for convergence properties of this series. Note that if $\documentclass[12pt]{minimal}
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                \begin{document}$$a_i \in -{\mathbb {N}}$$\end{document}$ for some *i*, then the series is a finite sum.

Stochastic Duality Functions from Lie Algebra Representations {#Sec3}
=============================================================

In this section we describe the method to obtain stochastic duality functions from $\documentclass[12pt]{minimal}
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                \begin{document}$$*$$\end{document}$-representations of a Lie algebra. This method will be applied in explicit examples in Sects. [3](#Sec7){ref-type="sec"} and [4](#Sec11){ref-type="sec"} .

Stochastic Duality {#Sec4}
------------------
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                \begin{document}$$X_2= \{ \eta _2(t) \mid t>0\}$$\end{document}$ be stochastic Markov processes with state spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega _2$$\end{document}$, respectively. These processes are in duality if there exists a duality function $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {E}}_\eta $$\end{document}$ represents the expectation. If $\documentclass[12pt]{minimal}
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                \begin{document}$$X_1=X_2$$\end{document}$, the process is called self-dual. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$L_2$$\end{document}$ be the infinitesimal generators of the two processes. Under appropriate conditions, see e.g. \[[@CR10], Proposition 1.2\], duality of the processes is equivalent to duality of the generators, i.e. $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {[L_1 D(\cdot ,\eta _2)]}(\eta _1) = [L_2 D(\eta _1,\cdot )](\eta _2), \qquad (\eta _1,\eta _2) \in \Omega _1 \times \Omega _2. \end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
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                \begin{document}$$L_1=L_2$$\end{document}$, then the operator is self-dual.

In this paper, we consider processes with state space $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}$$\end{document}$. Furthermore, the generators will be of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$L_{i,j}$$\end{document}$ is an operator on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(E_i \times E_{j})$$\end{document}$. This allows us to only consider operators acting on functions in two variables.

Lie Algebra Representations {#Sec5}
---------------------------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{ijk} \in {\mathbb {C}}$$\end{document}$. The universal enveloping algebra $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_1,\ldots , X_n$$\end{document}$ subject to the relations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X_i X_j - X_j X_i = \sum _{k=1}^n c_{ijk} X_k,\qquad 1 \le i < j \le n. \end{aligned}$$\end{document}$$We assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {g}}$$\end{document}$ has a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$-structure, i.e. there exists an involution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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We are now ready to obtain duality functions for certain operators from the kernels of intertwining operators between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$-representations.

### Theorem 2.2 {#FPar3}
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The Heisenberg Algebra {#Sec7}
======================

To illustrate how the method from the previous section is applied, we use the Heisenberg Lie algebra to obtain duality functions for two stochastic processes. Let us first describe the processes.
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Note that both generators have the form ([2.1](#Equ1){ref-type=""}).

The Heisenberg algebra $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {h}}$$\end{document}$ is the Lie algebra with generators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,a^\dagger ,Z$$\end{document}$ satisfying$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {[a,Z]}=[a^\dagger ,Z]=0, \qquad [a^\dagger ,a]=Z. \end{aligned}$$\end{document}$$The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$-structure is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a^*=a^\dagger $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a^\dagger )^*=a$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z^*=Z$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {h}}$$\end{document}$ has a representation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{c}$$\end{document}$ with parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c>0$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F({\mathbb {N}})$$\end{document}$ given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} {[\rho _{c}(a)f]}(n)&= n f(n-1), \\ {[\rho _{c}(a^\dagger )f]}(n)&= cf(n+1),\\ {[\rho _{c}(Z)f)]}(n)&= cf(n), \end{aligned} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(-1)=0$$\end{document}$ by convention. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{c}$$\end{document}$ is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$-representation on the weighted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2$$\end{document}$-space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}_c = \ell ^2({\mathbb {N}},w_c)$$\end{document}$ consisting of functions in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F({\mathbb {N}})$$\end{document}$ that have finite norm with respect to the inner product$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle f,g\rangle = \sum _{n \in {\mathbb {N}}} w_c(n)\, f(n) \overline{g(n)}, \qquad w_c(n) = \frac{c^n}{n!}e^{-c}. \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _c$$\end{document}$ is an unbounded representation, with dense domain the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_0({\mathbb {N}})$$\end{document}$ consisting of finitely supported functions.

Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y \in U({\mathfrak {h}})^{\otimes 2}$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Y= (1 \otimes a - a \otimes 1 )(a^\dagger \otimes 1 - 1 \otimes a^\dagger ). \end{aligned}$$\end{document}$$This element gives us the relation with the system of independent random walkers.

Lemma 3.1 {#FPar6}
---------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c>0$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ be the tensor product representation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho = \rho _{c} \otimes \cdots \otimes \rho _{c}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {h}}$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}_c^{\otimes N}$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} L^{\mathrm {IRW}} = c^{-1}\sum _{1 \le i < j \le N} p_{i,j} \, \rho (Y_{i,j}). \end{aligned}$$\end{document}$$

Proof {#FPar7}
-----

It suffices to consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\rho _{c} \otimes \rho _{c}) (Y)$$\end{document}$ acting on functions in two variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_2$$\end{document}$. From ([3.4](#Equ7){ref-type=""}) and ([3.5](#Equ8){ref-type=""}) we find$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned}&{[\rho _{c}\otimes \rho _{c}(Y)f]}(n_1,n_2) \\&\quad = c n_1 \Big ( f(n_1-1,n_2+1) - f(n_1,n_2) \Big ) + c n_2 \Big ( f(n_1+1,n_2-1) - f(n_1,n_2) \Big ). \end{aligned} \end{aligned}$$\end{document}$$This corresponds to the term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(i,j)=(1,2)$$\end{document}$ in ([3.1](#Equ4){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Remark 3.2 {#FPar8}
----------
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Charlier Polynomials and Self-Duality of IRW {#Sec8}
--------------------------------------------
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Define the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda :F_0({\mathbb {N}})\rightarrow F({\mathbb {N}})$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (\Lambda f)(x) = \sum _{n \in {\mathbb {N}}} w_c(n) f(n) C(n,x;c), \end{aligned}$$\end{document}$$then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda $$\end{document}$ extends to a unitary operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda :{\mathcal {H}}_c \rightarrow {\mathcal {H}}_c$$\end{document}$, and intertwines $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _c$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _c\circ \theta $$\end{document}$. Furthermore, the kernel *C*(*n*, *x*) satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {[\rho _c(X^*) C(\cdot ,x)]}(n) = [\rho _c(\theta (X)) C(n,\cdot )](x), \qquad X \in {\mathfrak {h}}. \end{aligned}$$\end{document}$$

### Proof {#FPar12}
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We are almost ready to prove self-duality for IRW, but first we need to know the image of *Y*, see ([3.5](#Equ8){ref-type=""}), under the isomorphism $\documentclass[12pt]{minimal}
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### Lemma 3.5 {#FPar13}
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### Theorem 3.6 {#FPar15}
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### Remark 3.7 {#FPar16}

The intertwining operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda : {\mathcal {H}}_c \rightarrow {\mathcal {H}}_c$$\end{document}$ maps the orthogonal basis of cheap duality functions to an orthogonal basis of Charlier polynomials (see the proof of Proposition [3.4](#FPar11){ref-type="sec"}), so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda $$\end{document}$ can be considered as a change of basis for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}_c$$\end{document}$. In this sense the self-duality functions in Theorem [3.6](#FPar15){ref-type="sec"} are the matrix elements of a change of base in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}_c^{\otimes N}$$\end{document}$.

Hermite Polynomials and Duality Between IRW and the Diffusion Process {#Sec9}
---------------------------------------------------------------------

The Hermite polynomials \[[@CR11], Section 9.15\] are defined by$$\documentclass[12pt]{minimal}
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### Lemma 3.8 {#FPar17}
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### Proposition 3.9 {#FPar18}

Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda :F_0({\mathbb {N}})\rightarrow F({\mathbb {R}})$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (\Lambda f)(x) = \sum _{n \in {\mathbb {N}}} w_c(n) f(n) H(n,x;c), \end{aligned}$$\end{document}$$then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda $$\end{document}$ extends to a unitary operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda :{\mathcal {H}}_c \rightarrow \mathrm H_c$$\end{document}$ intertwining $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _c$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _c$$\end{document}$. Furthermore, the kernel *H*(*n*, *x*) satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {[\rho _c(X^*)H(\cdot ,x)]}(n) = [\sigma _c(X) H(n,\cdot )](x), \qquad X \in {\mathfrak {h}}. \end{aligned}$$\end{document}$$

### Proof {#FPar19}
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Similar as in Lemma [3.1](#FPar6){ref-type="sec"} we find that the generator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Lemma 3.10 {#FPar20}
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Finally, applying Theorem [2.2](#FPar3){ref-type="sec"} we obtain duality between $\documentclass[12pt]{minimal}
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### Theorem 3.11 {#FPar21}
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### Remark 3.12 {#FPar22}
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                \begin{document}$$L^{\mathrm {DIF}}$$\end{document}$ was also obtained in \[[@CR7], Remark 3.1\], but Hermite polynomials are not mentioned there. Hermite polynomials of even degree have appeared as duality functions in \[[@CR5], §4.1.1\]; this can be considered as a special case of duality involving Laguerre polynomials, see \[[@CR5], §4.2.1\] or Theorem [4.15](#FPar52){ref-type="sec"}.

The Exponential Function and Self-Duality of the Diffusion Process {#Sec10}
------------------------------------------------------------------

To show self-duality of the differential operator $\documentclass[12pt]{minimal}
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### Lemma 3.13 {#FPar23}

The assignments$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \theta (a) = \frac{1}{2}(a-a^\dagger ), \qquad \theta (a^\dagger ) = i(a+a^\dagger ), \qquad \theta (Z) = iZ, \end{aligned}$$\end{document}$$extend uniquely to a Lie algebra isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta :{\mathfrak {h}} \rightarrow {\mathfrak {h}}$$\end{document}$.

### Proof {#FPar24}
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Observe that in the representation $\documentclass[12pt]{minimal}
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### Lemma 3.14 {#FPar25}
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### Proof {#FPar26}
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Now we can show that the integral operator with $\documentclass[12pt]{minimal}
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### Proposition 3.15 {#FPar27}
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The second process is the Brownian energy process BEP(*k*), $\documentclass[12pt]{minimal}
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Meixner Polynomials and Self-Duality for SIP {#Sec12}
--------------------------------------------

The Meixner polynomials \[[@CR11], Section 9.10\] are defined by$$\documentclass[12pt]{minimal}
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### Lemma 4.3 {#FPar33}
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### Proof {#FPar34}

This follows from the three-term recurrence relation for the Meixner polynomials.
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Using the difference equation for the Meixner polynomials, we can realize *H* as a difference operator acting on *M*(*n*, *x*) in the *x*-variable.

### Lemma 4.4 {#FPar35}
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### Lemma 4.5 {#FPar37}
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### Lemma 4.6 {#FPar39}
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Now we are ready to define the intertwiner.

### Proposition 4.7 {#FPar41}
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### Proof {#FPar42}
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### Theorem 4.8 {#FPar43}
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### Remark 4.9 {#FPar44}
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Laguerre Polynomials and Duality Between SIP and BEP {#Sec13}
----------------------------------------------------

The Laguerre polynomials \[[@CR11], Section 9.12\] are defined by$$\documentclass[12pt]{minimal}
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### Lemma 4.10 {#FPar45}
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Just as we did in the elliptic case, we can define an algebra isomorphism that will be useful. In this case, the element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_1$$\end{document}$ corresponds to the generator *E*.

### Lemma 4.11 {#FPar46}

The assignments$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} \theta (H)=E+F, \qquad \theta (E)=\frac{i}{2}(-H+E-F), \qquad \theta (F)=\frac{i}{2}(H+E-F), \end{aligned} \end{aligned}$$\end{document}$$extend to a Lie algebra isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta :\mathfrak {sl}(2,{\mathbb {C}}) \rightarrow \mathfrak {sl}(2,{\mathbb {C}})$$\end{document}$. Furthermore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta (\Omega )=\Omega $$\end{document}$.

Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta (E)=\frac{i}{2}X_1$$\end{document}$. Furthermore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ does not preserve the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {su}(1,1)$$\end{document}$-$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$-structure, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta (X^*) \ne \theta (X)^*$$\end{document}$ in general. However, we can define another $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$-structure on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {sl}(2,{\mathbb {C}})$$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\star = \theta ^{-1} \circ * \circ \theta $$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} H^\star = -H, \qquad E^\star = - E, \qquad F^\star = - F, \end{aligned}$$\end{document}$$which is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$-structure of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\mathfrak {sl}(2,{\mathbb {R}})$$\end{document}$. Next we determine the actions of the generators on the Laguerre polynomials.

### Lemma 4.12 {#FPar47}
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### Proof {#FPar48}
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### Lemma 4.14 {#FPar50}
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Finally, application of Theorem [2.2](#FPar3){ref-type="sec"} gives duality between the symmetric inclusion process SIP(*k*) and the Brownian energy process BEP(*k*).

### Theorem 4.15 {#FPar52}
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Bessel Functions and Self-Duality of BEP {#Sec14}
----------------------------------------

The Bessel function of the first kind \[[@CR1], Chapter 4\] is defined by$$\documentclass[12pt]{minimal}
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### Lemma 4.16 {#FPar53}
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The action of *F* follows from the differential equation for the Bessel functions. We have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {[\sigma _k(E)J(\cdot ,y)]}(x)=-\frac{ix}{2} J(x,y), \end{aligned}$$\end{document}$$then using the self-duality of the Bessel functions, i.e. symmetry in *x* and *y*, we obtain the action of *E*. Finally, having the actions of *E* and *F*, we find the action of *H* from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H=[E,F]$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Using the Hankel transform we can now define a unitary intertwiner with a kernel that has the desired properties.

### Proposition 4.17 {#FPar55}
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### Proof {#FPar56}
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### Theorem 4.18 {#FPar57}

The operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^{\mathrm {BEP}}$$\end{document}$ given by ([4.2](#Equ14){ref-type=""}) is self-dual, with duality function given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \prod _{j=1}^N J(x_j,y_j;k_j). \end{aligned}$$\end{document}$$

More Duality Relations {#Sec15}
----------------------
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